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Abstract
It is easy to see that an element P(t) ∈ F2[t] is a sum of cubes if and only if
P(t) ∈ M(2) := {P(t): P(t) ≡ 0 or 1 (mod t2 + t + 1)}.
We say that P(t) is a “strict” sum of cubes A1(t)3 + · · · + Ag(t)3 if we have deg(A3i )  deg(P ) + 2 for
each i, and we define g(3,F2[t]) as the least g such that every element of M(2) is a strict sum of g cubes.
Our main result is then that
5 g
(
3,F2[t]
)
 6.
This improves on a recent result 4 g(3,F2[t]) 9 of the first named author.
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1. Introduction
Let Fq be a finite field of characteristic 2, with q elements. It is easy to identify the set M(q)
of polynomials P ∈ Fq [t] that are sums of cubes. When q > 4 the set M(q) is the entire ring
Fq [t]. For q = 4 the set M(q) consists of polynomials P ∈ F4[t] for which P(r) lies in F2 for
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Finally M(2) is the set of P ∈ F2[t] such that P(α) ∈ F2, where α an element of a fixed algebraic
closure of F2 = {0,1} such that α2 = α + 1 (see [2]).
Let v(3,Fq [t]) = v  0 be the minimal integer such that every P ∈ M(q) is a sum of v cubes.
In 1933, Paley proved that
v
(
3,Fq [t]
)
 5
for q ∈ {2,4} (see [3,4]). Later, in 1991, Vaserstein improved the result for q = 2 to
v
(
3,F2[t]
)
 4
(see [5]). Observing that t2 + t + 1 requires 3 cubes one has indeed
3 v
(
3,F2[t]
)
 4.
The actual value of v(3,F2[t]) is unknown.
An analogue over Fq [t] of the “g” of the Waring’s problem for cubes over the integers is as
follows. Let g(3,Fq [t]) = g  0 be the minimal integer such that every P ∈ M(q) is a strict sum
of g cubes. Here this means:
deg
(
A3
)
 deg(P ) + 2
when P = A3 + · · · is written as a sum of cubes. We may re-write this condition as
deg(A)
⌈
deg(P )
3
⌉
,
where α is defined as min{n ∈ Z: n α}. Notice that one can never write P as a sum of cubes
with deg(A) < deg(P )/3, so that the condition for a strict sum of cubes imposes the tightest
possible constraint on the size of deg(A).
An alternative description of the condition for a strict sum of cubes arises from asking which
binary forms F(X,Y ) over Fq are sums of cubes of binary forms. Clearly one needs the degree
of F to be a multiple of 3. Moreover if Y 3  F(X,Y ) one sees that any representation of F(X,Y )
as a sum of cubes of binary forms over Fq corresponds to a representation of F(t,1) as a strict
sum of cubes of polynomials in Fq [t].
Before the present paper the best known results on g(3,Fq [t]) for q = 2 and q = 4 were
4 g
(
3,Fq [t]
)
 9
(see the first author’s work [2]). These results are essentially based on some identities of Paley
(see [3]).
The aim of this paper is to prove four results on strict representations for q = 2.
(I) We have
5 g
(
3,F2[t]
)
 6. (1)
(See Corollaries 1 and 2.)
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not a multiple of 3 and t (t + 1) |P(t). (See Theorem 2 and Corollary 3.)
(III) Every polynomial P ∈ M(2) which is a multiple of t (t + 1) can be written as
P = A1B1(A1 + B1) + A2B2(A2 + B2)
with A1,B1,A2,B2 ∈ F2[t] and deg(AiBi(Ai + Bi))  deg(P ) for i = 1,2. (See Theo-
rem 1.)
(IV) Every polynomial P ∈ M(2) is either a strict sum of 5 cubes or can be written as
P = A1B1(A1 + B1) + A2B2(A2 + B2)
with deg(A1B1(A1 + B1)),deg(A2B2(A2 + B2)) deg(P ).
It is easy to see that if a polynomial P ∈ F2[t] can be written as a sum of terms AiBi(Ai +Bi)
then we must have P ∈ M(2) and t (t + 1) | P(t). We also note that (IV) is an immediate conse-
quence of (II) and (III).
The actual value of g(3,F2[t]) is unknown. However, a computation shows that all polynomi-
als in M(2) of degree less that or equal to 18 are indeed strict sums of 5 cubes (see Lemma 3(c)).
While we have several examples of polynomials in M(2) which require 5 cubes for a strict rep-
resentation, we do not know whether or not there are infinitely many such cases.
Observe that for any k > 2 with gcd(k,p) = 1, where p is the characteristic of Fq, it is un-
known what is the exact value of the minimal number g(k,Fq [t]) of kth powers that are required
in order to represent strictly every polynomial in Fq [t] that is a sum of kth powers.
The new idea for this paper arises from an observation of the second author. In its original
form it used the simple identities
t2u + tu2 = (t + u)3 + t3 + u3 and v + v2 = (1 + v)3 + 13 + v3 (2)
to write any admissible polynomial P as a sum of 6 cubes A3 with
deg
(
A2
)
 deg(P ),
see Proposition 1. We obtain our results as a refinement of this idea.
2. Identities and representation by 6 unrestricted cubes
The following lemmas are the keys to obtaining our main results. First of all we have two
simple identities based on the observation that y → y2 + y is linear over F2.
Lemma 1. Let q1, q2, r1, r2, t be elements of a ring of characteristic 2. One has:
(i) q31 + (q1 + 1)3 + q32 + (q2 + 1)3 = (q1 + q2)3 + (q1 + q2 + 1)3 + 1. (3)
(ii) r31 + (r1 + t)3 + r32 + (r2 + t)3 = (r1 + r2)3 + (r1 + r2 + t)3 + t3. (4)
Secondly, a simple application of the identities (2) gives:
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t2n = tn + 1 + (tn)3 + (tn + 1)3 (5)
and
t2n+1 = tn+2 + t3 + (tn)3 + (tn + t)3. (6)
Our first result is the following.
Proposition 1. Let P ∈ F2[t] be a polynomial.
(a) If P ∈ M(2) then P is a sum of 6 cubes A3 satisfying deg(A2) deg(P ).
(b) We can write P = A2 + A + Bt(B + t) + βt3 + γ t + δ where
max
{
deg
(
A2
)
, deg
(
B2t
)}
 deg(P ),
and β,γ, δ ∈ F2.
Proof. We first prove that any P ∈ F2[t] is a sum of (a large number of) terms of the form
q3 + (q + 1)3 and r3 + (r + t)3, together with a remainder of the form at3 + bt + c, in such a
way that deg(q2) deg(P ) and deg(r2t) deg(P ). This is trivial if deg(P ) 3, and otherwise
follows by induction on deg(P ), since we may use either (5) or (6) as appropriate to remove the
leading term of P . Repeated use of the identities in Lemma 1 shows that
P = q3 + (q + 1)3 + r3 + (r + t)3 + a′t3 + bt + c′. (7)
Since S(α)3 = 0 or 1 for any S ∈ F2[t], where α2 + α + 1 = 0, we see that b = 0 if P ∈ M(2).
This proves (a). Since
P = q3 + (q + 1)3 + r3 + (r + t)3 + a′t3 + bt + c′
= q2 + q + rt (r + t) + (a′ + 1)t3 + bt + (c′ + 1)
statement (b) also follows.
We can use part (b) of Proposition 1 to deduce our first theorem. 
Theorem 1. Let P(t) ∈ F2[t] and suppose that t (t + 1) | P(t) and P(α) = 0 or 1, where α lies
in a quadratic extension of F2 and satisfies α2 + α + 1 = 0. Then we can write
P(t) = A1B1(A1 + B1) + A2B2(A2 + B2)
with deg(AiBi(Ai + Bi)) deg(P ) for i = 1,2.
Before proving this we make some remarks. Firstly, our proof shows that one can indeed take
B1 = 1 and B2 = t . Secondly, if Q(t) = AB(A + B) then it is easy to see that t (t + 1) | Q(t)
and that Q(α) = 0 or 1. Thus if P can be written as a sum of any number of terms AB(A + B),
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will be a strict sum of just two such terms. Thirdly, we note that if Q(t) is any irreducible
polynomial of degree at least 3, satisfying Q(α) = 1, then P(t) = t (t + 1)Q(t) will satisfy the
conditions of the theorem, but will not be of the form AB(A+B). Thus there are infinitely many
admissible polynomials which require two such terms. Finally we point out that if q is a power
of 2, but not equal to 2, 4 or 16, then every polynomial in Fq [t] is a strict sum of at most 5 terms
of the form AB(A + B). This is proven by the first author [1].
Proof. In view of part (b) of Proposition 1 it suffices to show that if
P = A2 + A + Bt(B + t) + βt3 + γ t + δ
then β = γ = δ = 0. If Q = RS(R + S) with R,S ∈ F2[t] then we will have t | Q and t + 1 | Q.
Moreover we will also have Q(α) = 0 or 1. We therefore see that βt3 + γ t + δ must be divisible
by both t and t + 1, whence δ = 0 and β = γ . Moreover we must have βα3 + γ α + δ = 0 or 1,
whence γ = 0. These conditions imply that β = γ = δ = 0 as required. 
3. Main results
First of all we report some computer calculations, which used a Maple 8 program on a Sun
Fire 280R machine.
Lemma 3. Denote by M(2, r) the set of all polynomials in M(2) of degree less that or equal to r ,
and let N(2, s, g) be the number of polynomials which are sums of g cubes A3 with deg(A) s.
(a) We have N(2,3,2) = 115, N(2,3,3) = 416 and N(2,3,4) = 512. Thus, since #M(2,9) =
512, all polynomials in M(2,9) are strict sums of 4 cubes, while 96 of them are not strict
sum of 3 cubes. An explicit polynomial that requires 4 cubes is X1(t) = t7 + t2.
(b) We have N(2,4,4) = 4082 and #M(2,12) = 4096. Thus M(2,12) contains 14 polynomials
which are not strict sums of 4 cubes. These polynomials are:
Y1(t) = t12 + t11 + t10 + t9 + t8 + t7 + t5 + t3 + t2 + 1,
Y2(t) = t12 + t10 + t9 + t7 + t5 + t4 + t3 + t2 + t + 1,
Y3(t) = t12 + t11 + t10 + t9 + t8 + t7 + t6 + t4 + t,
Y4(t) = t12 + t11 + t8 + t7 + t6 + t4 + t3 + t2 + t,
Y5(t) = t12 + t10 + t9 + t8 + t7 + t6 + t,
Y6(t) = t12 + t8 + t7 + t6 + t3 + t2 + t,
Y7(t) = t12 + t11 + t8 + t7 + t5 + 1,
Y8(t) = t12 + t7 + t5 + t4 + t + 1
and
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Z2(t) = t11 + t8 + t6 + t5 + t4 + t3 + t2 + t + 1,
Z3(t) = t11 + t10 + t9 + t6 + t5 + t4 + 1,
Z4(t) = t11 + t6 + t5 + t4 + t3 + t2 + 1,
Z5(t) = t11 + t10 + t9 + t8 + t6 + t,
Z6(t) = t11 + t6 + t4 + t3 + t2 + t.
Moreover, these polynomials may be obtained from only Z1(t),Z3(t) and Z5(t) by the rela-
tions
Y1(t) = t12Z1(1/t), Y2(t) = (t + 1)12Z1
(
1/(t + 1)),
Y3(t) = t12Z3
(
(t + 1)/t), Y4(t) = t12Z1(1/t),
Y5(t) = t12Z1
(
(t + 1)/t), Y6(t) = t12Z3(1/t),
Y7(t) = (t + 1)12Z3
(
t/(t + 1)), Y8(t) = (t + 1)12Z3(1/(t + 1)),
Z2(t) = Z3(t + 1), Z4(t) = Z1(t + 1), Z6(t) = Z5(t + 1).
We have independently verified, by hand, that X1(t) and Z5(t) require 4 and 5 cubes, re-
spectively.
(c) All 215 polynomials in M(2,15) are strict sums of 5 cubes. In addition we have N(2,5,2) =
1933 and N(2,5,3) = 22 245. Moreover we have N(2,6,2) = 7814 and N(2,6,3) =
171 904. There are 84 805 polynomials of degree 16,17 and 18 that are not strict sums of 3
cubes, and all these are strict sums of 5 cubes. Thus every element of M(2,18) (i.e., every
admissible polynomial of degree at most equal to 18 in F2[t]) is a strict sums of 5 cubes.
The following corollary is immediate.
Corollary 1.
g
(
3,F2[t]
)
 5.
We are now ready to present our key result.
Theorem 2. Any polynomial P ∈ M(2) with 3 | deg(P ) is a strict sum of 5 cubes.
Proof. Suppose that deg(P ) = 3n. The case n = 0 is trivial, so suppose n  1. Choose g so
that P − g3 has degree at most 2n − 1. We will have deg(g) = n. Set A = P(0) + g(0) + 1,
B = P(1) + g(1) + A, and h(t) = g(t) + Bt + A. Then P(0) = h(0) + 1 and P(1) = h(1).
Moreover P − h3 has degree at most 2n + 1. Thus, as in (7), one can write P − h3 = j2 +
j + tk2 + t2k + r, with deg(j2)  2n + 1 and deg(k2t)  2n + 1, and r = at3 + bt + c. Thus
deg(j)  n and deg(k)  n. Moreover j2 + j + tk2 + t2k vanishes at both t = 0 and t = 1,
while P − h3 takes the values 1 and 0, respectively. Hence c = 1 and a + b + c = 0. Thus
P = h3 + j3 + (j + 1)3 + k3 + (k + t)3 + bt3 + bt. Since P(α) = 0 or 1, and m(α)3 = 0 or 1
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5 cubes, as claimed. 
Corollary 2. Any polynomial P ∈ M(2) is a strict sum of 6 cubes.
Proof. This follows from Theorem 2 when deg(P ) = 3n. If deg(P ) = 3n − 1 or 3n − 2 one
merely applies Theorem 2 to P − t3n. 
Corollary 3. Let P ∈ M(2) and suppose that either t  P(t) or t + 1  P(t). Then P is a strict
sum of 5 cubes.
Proof. Suppose that deg(P ) = 3n, 3n − 1 or 3n − 2, and consider the polynomial Q(t) =
t3nP (t−1). If t  P(t) then we will have deg(Q) = 3n so that Q is a strict sum of 5 cubes
Ai(t)
3
, say, by Theorem 2. In particular we will have deg(Ai) n. Set Bi(t) = tnAi(t−1). Then
deg(Bi) n, and P will be a strict sum of the 5 cubes B3i , as required. For the case t + 1  P(t)
we argue similarly with Q(t) = (t + 1)3nP ((t + 1)−1). 
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